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Abstract. It has been observed that most manifolds in the Callahan-Hildebrand- 
Weeks census of cusped hyperbohc 3-manifolds are obtained by surgery on the 
minimally twisted 5-chain link; a full classification of the exceptional surgeries 
on the 5-chain link has recently been completed. In this article, we provide a 
complete classification of the sets of exceptional slopes and fillings for all cusped 
hyperbolic surgeries on the minimally twisted 5-chain link, thereby describing 
the sets of exceptional slopes and fillings for most hyperbolic manifolds of small 
complexity and providing supporting evidence for some well-known conjectures. 

1. Introduction 

The set of exceptional slopes on a boundary component of a cusped hyperbolic 
manifold has generated a lot of interest in the literature; there are many restrictions 
on the set of exceptional slopes on a boundary component of a hyperbolic 3- 
manifold M and its corresponding fillings, for example, no such M has two distinct 
S'^ fillings |GL1] or more than 10 exceptional slopes |LMj . However, it is still not 
known if a hyperbolic knot exterior in can have a reducible filling, or if M can 
have a pair of exceptional slopes a and {3 corresponding to a lens space and toroidal 
space so that the distance (minimal number of intersections) between a and /3 is 4. 
Conjecturally, neither are possible, see |GAS] and |Leej respectively. Moreover, it 
is conjecturally the case that the figure-eight knot exterior is the unique one-cusped 
hyperbolic manifold with 10 exceptional slopes |Glj and that the figure-eight knot 
exterior and its sister are the unique one-cusped hyperbolic manifolds having two 
exceptional slopes at distance 8, see |Kir] . In this article, by classifying the sets 
of exceptional slopes and the corresponding fillings for all manifolds obtained by 
surgery on the minimally twisted 5-chain link (see the rightmost link in Figure [T]) , 
we provide experimental evidence that supports these conjectures: 

Theorem 1. If M is a cusped hyperbolic manifold obtained by surgery on the 
minimally twisted 5-chain link then: 
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• M is not the exterior of a knot with a reducible filling; 

• M does not have a lens space and toroidal filling at distance 4; 

• If M has 10 exceptional slopes then M is the figure-8 knot exterior; 

• If M has exceptional slopes at distance 8 then M is either the figure-8 knot 
exterior or the figure-8 knot exterior sister. 

1.1. The minimally twisted 5-chain link. A notable collection of chain links 
is described in jMPRj : they are the figure-8 knot, the Whitehead link, the 3-chain 
link, the 4-chain link with a half twist, and the minimally twisted 5-chain link. 
These links are shown in Figure [l} We follow |MPRj and denote these chain links 
by ICL, 2CL, 3CL, 4CL and 5CL, and their exteriors by Mi, Ma, M3, M4, M5 
respectively. 




Figure 1. The links ICL, 2CL, 3CL, 4CL, 5CL in whose exte- 
riors we denote by Mi, M2, M3, M4, and M5 respectively. 

The significance of this sequence of links comes from the following facts: each Mj 
is the (or conjecturally the) smallest volume hyperbolic 3-manifold with i cusps, 
see |Ago| and |Yos] : more than 80% of the cusped hyperbolic 3-manifolds from the 
Callahan-Hildebrand- Weeks census |CHW] are surgeries on 5CL (personal commu- 
nication with Nathan Dunfield); 5CL relates to the program of enumerating ex- 
ceptional pairs at maximal distance, in particular, all knots realising half-integral 
toroidal surgeries |GL2j . many of the knots realising lens space surgeries |Bak] . 
and all cusped hyperbolic 3-manifolds with distinct reducible and toroidal fillings 
at maximal distance |Kanj are obtained by surgery on 5CL. 

It is easy to see that if c?M„ is equipped with the usual (meridian, longitude) 
homology basis then a —1 filling on any boundary component of M„ results in 
M„_i, and, as a result, that any manifold obtained by surgery on {n — 1)CL is 
obtained by surgery on uGL. A classification of the exceptional surgeries on 3CL 
is given in [MPJ together with a complete description of the set of exceptional 
slopes, and corresponding exceptional fillings, on the boundary components of all 
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hyperbolic manifolds obtained by surgery on 3CL. A classification of exceptional 
surgeries on 5CL is found in |MPRj ; in this article we completely describe the 
sets of exceptional slopes and corresponding exceptional fillings of any manifold 
obtained by surgery on 5CL. To simplify matters, we only consider the 'new' 
manifolds obtained by surgery on 5CL; namely we only consider surgeries on 5CL 
and 4CL that are not obtained by surgery on 3CL. In particular, Theorems [3] and 
|4] provide explicit descriptions of the sets of exceptional slopes and corresponding 
fillings for all hyperbolic surgeries of 5CL not obtained by surgery on 3CL, and 
Theorem [T] will be an easy consequence. 

1.2. Article structure. We start with Section [2] where we recall the classification 
from |MPR] . In order to do so, we begin by recalling and introducing terminology 



in Subsection 2.1 The main results of this article are stated and proved in Section 



|3] and refer to the tables found in Section HI 

1.3. Acknowledgements. The results of this article were obtained as a graduate 
student at the University of Pisa under the supervision of Carlo Petronio and Bruno 
Martelli. The current presentation of the results has benefited from discussions 
with Daniel Matignon and Mark Lackenby, and from email correspondences with 
Carlo Petronio, Bruno Martelli and Nathan Dunfield. 



2. Background Terminology and Results 

2.1. Terminology. We begin with some general terminology, and we introduce 
the notion of an "exceptional filling instruction" used in Theorems [3] and |4} 
Fix an orientable compact 3-manifold X with dX consisting of tori: 

• A slope on a boundary component r of X is the isotopy class of a non-trivial 
unoriented loop on r; 

• A filling instruction a for X is a set consisting of either a slope or the 
empty set for each component of dX; 

• The filling X{a) given by an instruction a is the manifold obtained by 
attaching one solid torus to dX for each (non-empty) slope in a, with the 
meridian of the solid torus attached to the slope. 

We recall that if M is a hyperbolic non-compact finite-volume 3-manifold then 
M = int(X) with dX consisting of tori, and that int(X(a)) is hyperbolic for all 
but finitely many a's consisting of one slope and 0's |LM] . 
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• If the interior of X is hyperbolic but the interior of X{a) is not, we say that 
a is an exceptional filling instruction for X and that X{a) is an exceptional 
filling of X; 

• We say that an exceptional filling instruction a on a hyperbolic X is isolated 
if X{P) is hyperbolic for all /3 properly contained in a; for such an a we 
call X{a) an isolated exceptional filling of X. 

A surgery on a link L corresponds to a filling of the exterior of L, that is, to 
a filling of M\N{L) where N{L) is an open regular neighbourhood of L. By a 
surgery instruction for L we mean a filling instruction on the exterior of L. 

We now recall some standard notation used in the description of the set of 
exceptional slopes on a fixed boundary component of a hyperbolic manifold, see 
for example |G2] . If X is a hyperbolic 3- manifold with boundary consisting of tori 
and r is a fixed boundary component of dX then the set of exceptional slopes 
on r is denoted by Et-{X), and the cardinality of Et-{X) by er{X). To describe 
ET-{M:^{a)) we introduce the following definition: 

Definition Let a be a filling instruction on a manifold X. We say that a factors 
through a manifold Y if there exists some filling instruction /3 C a such that 
F = X(/3). 

Note that if a is exceptional for X and factors through a hyperbolic Y with 
Y = X{f3), then a\f3 is exceptional for Y. 

2.2. Exceptional fillings of M5. Our description of the exceptional fillings of 
^5(7) will employ the notation now discussed for Seifert manifolds with orientable 
base surface. Given integers pi, ■ ■ ■ ,Pn, Qi, ■ ■ ■ , Qn, with Pi > I and G an orientable 
surface with A; > boundary components bi...bk, we let S denote the surface 
obtained by removing n open discs from G and we denote by bk+i, ■ ■ ■ , bk+n the n 
newly introduced boundary circles. We fix an orientation on S x 5*^ and orient 
{fii, Xi} = {bi X {*}, {*} X S^} so that fii, Xi is a positive basis of Hi{bi x S^) with 
bi X oriented as (9(S x S^). We denote by (G, (pi, gi), . . . {pn, Qn)), the manifold 
obtained by performing a Dehn filling on each bi x along pifii + gjAj for i > k. 
In our case, G will be either the disc D, the annulus A, or the sphere S"^. 

Given Seifert manifolds X and Y with orientable base surfaces with boundary 
as described above, and B G GL(2,Z) with det{B) = —1, we define X[J^Y 
unambiguously to be the quotient manifold X [Jj Y where f : T U for T 
and U arbitrary boundary components of X and Y respectively, and / acting on 
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homology by B with respect to the bases described above. The case T,U C dX, 
T ^ U is also allowed and we write the quotient manifold as X / ^. 

For the purposes of Theorem [3] and |4| we employ a flexible notation for Seifert 
manifolds. We will formally identify an slope with ^ and allow parameters 
{pi, Qi) to be arbitrary elements of Z^. 

2.3. Exceptional surgery instructions on 5CL. By ordering the components 
of 5CL cyclically, surgery instructions on 5CL can be naturally identified with 
(Q U {0,00})^. Given such an instruction a, the symmetry group of M^la) has 
a natural action on the boundary components of M^la). This action induces an 
action on the filling instructions on Mr,[a). Among the most significant actions 
arising we mention those coming from the symmetry group of M5, see ([l|-([3]) 
below, a symmetry of M4 which may be deduced from the Fenn-Rourke blow- 
down move on 5CL, see Q, and from the amphichirality of the figure-8 knot 
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Since the action of the maps ([T]) and ([2]) is very easily understandable while 
that of is more involved, we introduce the symbol [o] for the equivalence 

class of a filling instruction o under ([T]) and ^ only, and the symbol [o] for the 
equivalence class of o under ([T])-([5]). 

For a filling instruction o on M5 we will often simplify notation by omit- 
ting empty slopes but leaving the subscripts on non-empty slopes. For exam- 
ple, ((— 1)1, (—1)3) corresponds to the filling instruction (0,/ii — Ai, 0,fi3 — A3, 0) 
with (/ij, Ai) the (meridian, longitude) basis of the homology of the i^^ cusp. Note 
that for any 2 G Q U {00} and i ^ j one has [((J)^)] = [((|)j)], so the fill- 
ings M5(^) are defined without ambiguity. Our convention will be that a filling 
instruction (2, ^, |, |) on M5 with four non-empty slopes and no subscripts repre- 
sents (2,^,^^,^,0). We now state the main result of |MPR] . 
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Theorem 2. Every exceptional filling instruction on M5 is equivalent up to a 
composition of the symmetries to a filling instruction containing one of: 

00, (-1, -2, -2, -1),(-1, -2, -3, -2, -4), (-1, -2, -2, -3, -5), 
(-1, -3, -2, -2, -3), (-2, -I 3, 3, -I) , (-2, -2, -2, -2, -2). 

Descriptions of the corresponding exceptional filhngs may be found in |MPR] . 
We remark that the second, third, and fourth filhng instructions factor through M3, 
and we assign the names mi, m2, and ma to the manifolds M^l—l, —3, —2, —2, —3), 
M5 (-2, -^,3,3, -I), and M5(-2, -2, -2, -2, -2) respectively. 

3. Main Results 

We now precisely describe the classification of exceptional slopes of every hyper- 
bolic surgery on 5CL by describing ET-{M^{a)) for every a not factoring through 
M3. We split the result according to whether or not a factors through M4. 

Theorem 3. Let j be a hyperbolic filling instruction on M5 containing at least one 
and not factoring through M4, and let t be a boundary component of dM^{'~f) ; 
then either €,-(^^5(7)) = 3 and, with respect to the basis induced from M5, we have 
EriM^i-f)) = {0, 1,00} and 

(6) Msd , f, f , f )(00) = {D, (a, -.), (c, d)) {D, (e, /), -h)) , 

(7) , ^, f , f )(1) = {D, (a-6, 6), (e, /)) U /o A fl 

(8) Msd , f , f , f )(0) = {D, (6, .-a), (h, -,)) U /o i\ /)) ' 



1 



or 4 ^ e^(M5(7)) ^ 5 and 

• M^^'j) = M^(a) for some a in Tables [T]|4] in Section^ and with respect to 
the basis induced from M5 we have 



/32, 0, 1, 00} if a is found in Table [TJ 
0, 1, 00} otherwise, 



where (3, f3i, (32 are found in Tables [T]|4} 

Identities Q-g hold and M^{a){l3i) , M^{a){l3) are shown in Tables 



EXCEPTIONAL SLOPES ON MANIFOLDS OF SMALL COMPLEXITY 



7 



Ordering the components of M4 cyclically, identifying filling instructions on M4 
with (Q U {0, oo}y and adopting the convention that a filling instruction (|, ^, ^) 
on M4 with three slopes and no subscripts represents (2,^,^,0), the corresponding 
result for M4 is: 

Theorem 4. Let 'y be a hyperbolic filling instruction on M4 containing at least 
one and not factoring through M3, and let r a boundary component of dM4^{'y); 
then either er{M4^{^)) = 4 and, with respect to the basis induced from M4, we have 
EriM^ij)) = {0,1,2,00} and 

(9) M,{f,% ))(oo) = {S', (a, b), (d, -c), (e, /)) , 

(10) M4(f , % f )(2) = {D, (a-6, 6), (e-/, /)) U /o 1\ (2, -1)), 



1 



(11) M4(f , f , f )(1) = (a-26, 0, (c-d, c), (e-2/, /)), 

(12) M4(f, ^, f)(0) =(/},(/, -e),(^26-a))|J/o l\ {D , {2, l) , {c-2d, d)) , 



1 



or 5 ^ eT-(M4(7)) ^ 6 and 

• Mii^y) = Mi{a) for some a in Tables |5]|6], in Section^ and with respect 
to the basis induced from we have 



Er{M,{a)) 



/32, 0, 1, 2, oo} if a is found in Table [5} 
0, 1, 2, oo} otherwise, 



where /3, (ii"^ found in Tables |5] and [6| 

• Identities Q-l^ hold, and the M^{a){Pi) , Mi{a){P) are shown in Tables 
|5] and [H 

While proving Theorems |3] and |4] we will often see identities between fillings of 
the Mj. When a homeomorphism Mr^{a) ~ M^{I3) follows as a consequence of maps 
([T|-([5]) we will write M^{a) ~ M^^{(3). In addition to realising homeomorphisms 
between fillings of M5, we will often use the Rolfsen twist (see |Rolj ) to obtain 
homeomorphisms between fillings of the M^; when M^{a) ~ Mk{(3) is induced 
from a (composition of) Rolfsen twist (s), we will write M:^{a) ~ Mfc(/3). 



Proof of Theorem [3| By ([T])-^, we have 
(13) 1(1)1 = [(1)] U [(00)] U [(0)]; 
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(14) [(-l)l = [(-l)]U[(i)]U[(2)]; 

(15) I(-2)l = [(-2)] U [(-i)] U [(I)] U [(I)] U [(!)] U [(3)]. 



Theorem[2]implies that all slopes in [(1)] are exceptional, moreover, any instruction 
containing a slope in |(— 1)] factors through M4. So for r a boundary component 
of a hyperbolic M^i^'j) we have {0, 1, 00} C Et-^M^^'j)) and er{M^{'y)) > 3; when 
7 does not factor through M4 no slope in [(—1)] is contained in 7. Identity ^ is 
established in |MPRj . and Identities ([T]) and ([s]) are established using ([l])-([3]) and 
g. We will now describe up to ([l|-(|3]) all hyperbolic 7's not factoring through M4 
with e^(M5(7)) > 3. For such 7, using ([T])-([2]), we may assume that r corresponds 
to the neighbourhood of the fourth chain component of 5CL. 

So we suppose that 70,71,72,73 ^ QU{0}, with 7 = (70,71,72,73) a hyperbolic 
filling instruction on M5 that does not factor through M4. If /3 is an exceptional 
slope on M5(7) then, up to ([T|-([3]), (70, 7i, 72, 73, /5) contains one of the seven 
isolated exceptional filling instruction from Theorem |2} If /3 7^ 0, 1, 00 then any 
such isolated exceptional filling instruction contains at most one slope in |(— 1)], 



and contains two slopes in |(— 2)] (see Theorem [2] and (15)). Thus at least one 
of the slopes in 7 belongs to |(— 2)]. It is a routine consequence of maps ([l])-([3]) 
that we may assume without loss of generality that ao = —2 and that r remains 
the boundary corresponding to the neighbourhood of the 4th chain component of 
5CL. 

So for 7 hyperbolic, not factoring through M4, we have [7] = [a] where 
ai ^ { — 1,1,2} and ao = —2. We define (a,/3) to be (ao, ai, 02, 03, /3). If (3 
is an exceptional slope of M:^{a) then (a, /3) contains an isolated exceptional fill- 
ing instruction by Theorem |2} Moreover, using Theorem [2| if (a, (3) contains an 
isolated exceptional filling instruction then either /3 is a slope in |(1)], or /3 is a 
slope in [(—1)1 and (a,/3) factors through M3, or M:^{a,f3) G {mi,m2,m3}. As 
we are assuming that a does not factor through M4, if (a, (3) factors through M3 
then we require (3 G { — 1, ^, 2}. 

We define the following sets of (a, /3)'s; 

• We define / to be the set of exceptional (a,/5)'s such that M5(a,/3) is in 
{mi, 1712, ms}; 

• We define Z_i to be the set of exceptional (q;,/3)'s factoring through M3 
with 13 = -1; 
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• We define h to be the set of exceptional {a, /3)'s factoring tlirougli M3 witli 

P = h 

• We define I2 to be tfie set of exceptional {a, /3)'s factoring through M3 with 

13 = 2; 

We know that, every 7 with M^l'y) a hyperbohc manifold, 7 not factoring 
through M4, and e^(M5(7)) > 3 has [7] = [a] = |(ao, ai, 02, 03)] where ao = —2. 
The set Z_i U / i U ^2 is the set of all exceptional filling instructions (a, P) factoring 
through M3 with Mr,[a) hyperbolic not factoring through M4 and ao = —2, and 
the set / is the set of all exceptional filling instructions {a, /3) not factoring through 
M3 with ao = ~2. 

So, up to ([l|-(|3| every hyperbolic filling instruction 7 not factoring through M4 
with eT-(M5(7)) > 3 is equivalent to a filling instruction a of the form (—2, ai, 02, as), 
every (— 2, ai, ^2, 0:3) with e^(M5(— 2, ai, 0:2, 03) > 3 and (—2,01,02,03) not fac- 
toring through M4 is some a in Z U /_i U Zi U /2; and every exceptional slope on 
M5(— 2, oi, 0^2, 03) not in {0, 1, 00} is some /3 in Z U /_i U /i U l2- Now we can easily 
describe, up to ~, all such a with more than 3 exceptional slopes. 

Let p : / U /_i U / 1 U ^2 -> ^ be defined by (a, (3) a. For a in p{l U /_i U / 1 U I2) 
define to be the set of all /3's such that (a, /3) is contained in / U /_i U /i U /2. 
It is clear that E^{M5{a)) = {0, l,cx)} U 5„ and that {{M^ia), E^iM^ia)))}^ is 
a complete list of all (^M^^a), Eri^M^^a))) pairs with a = (— 2, ai, 02, ^s), ^5(«) 
hyperbohc and er{M5(a)) > 3. We now explicitly construct the sets /,/_i,/i,/2- 

Construction of the set /: We can see using maps (ig-Q that every (a, /3) 
with M^{a,P) = rrii with ao = —2 and a hyperbolic not factoring through M4 is 
contained in the following set 

^ = I ( — 2, ^, |, 3, 2), ( — 2, — 2, 3, 3, — 2), ( — 2, 3, 3, 3, —2), ( — 2, —2, 3, 3, 3), 
f-2 -2 5 3^ ('_2 3 3 _2 _l^ ('_2 -2 -2 -2 -2I f - 2 ^ ^ ^ lU 

V ^) 2' '2' 2/'^ ^' 2' 2' ' 2/'^ ' ' ' ' )^\ '3' 2' 2' 3/ J' 

Before constructing the sets h, I2 we make some initial remarks. It is easy to see 
that if a surgery instruction on 5CL contains ((— l)o, (—1)2), then it factors through 
M3. Up to the action of maps ([l])-([5]) the surgery instruction ((— l)o, (—1)2) is 
equivalent to the following surgery instructions: 

{[((-1)0, (-2)0], [((i)o, (1)2)], [((^)o, 3i)], [((i)o, (i)i)], [((i)o, 2i)], 
[((|)o, (|)2)], [(2o, (-1)2)], [((|)o, 2i)], [((-1)0, 32)], [((-1)0, (1)2)], 
[(2o, (-2)2)], [((-1)0, (-l)i)], [((-1)0, (-1)2)], [((-1)0, (^)2)], 
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[((l)o, (2),)], [((-l)o, (2)i)], [((-l)o, [((2)o, (2)2)]} 

We will now see that the requirements of a being hyperbolic and not factoring 
through M4 allow us to completely construct Z_i,h,/2- 

Construction of the set In this case, for a = {— 2, ai, 02,0(3), we have 
M5(a)(— 1) ~ M^i^ai + l,a25«3 + 2), and {a, (3) is an exceptional filling of M5 if 
and only if {ai + 1, 0:2, as + 2) contains an isolated exceptional filling instruction 
on M3; i.e. using the classification in |MPj we can see that —1 is an exceptional 
slope on M^{a) if (ai + 1, 0:2, as + 2) contains an isolated instruction in 

{0, 1, 2, 3, 00, (-1, -1), (4, (f, I), (5, 5, 1), (4, 4, |), (4, f, |), (4, |, -1), (|, |, |), 

il i' D' (§' I' D' (i' i' i)> (-!> -2> -2), (-1, -2, -3), (-1, -2, -4), (-1, -2, -5), 

(-1,-3, -3), (-2, -2, -2)}, 

For a non-exceptional and not factoring through M4, no slope in a is in [(!)] 
or [(-!)]; that is ai + 1 ^ {00, 2, 1, 0, |, 3}, a2 ^ {00, 1, 0, -1, |, 2}, as + 2 ^ 
{00,3,2, 1, |,4}. With these conditions it is easy to see that (3 is an exceptional 
slope on a hyperbolic M^la) if and only if one of the following holds: 

• a2 = 3 

• as + 2 = 

• (ai + 1, as + 2) belongs to {(-1, -1), (|, |), (4, |)} 

• (a2, ai + 1) belongs to {(§, |), (4, ^)} 

• (as, as + 2) belongs to {(§, |), (4, ^)} 

• (ai + 1, a2, as + 2) belongs to 

{(5, 5, 1), il 5, 5), (4,4, 1), (4, |, |), (4, |, -1), (|, 4, -1), (-1, 4, |), (|, |, |), 

fS 5 4W5 5 5\ /5 5 5W7 7 3\ /7 3 7\ /_i _2 _2) ( -0 -2 -1) 
^2' 2' S'' '^2' S' 3'' '^S' 2' S'' '^S' S' 2'' Vs' 2' S'' ' ' ^' ^' -^Z' 

(-1, -2, -3), (-3, -2, -1), (-2, -3, -1), (-1, -3, -2), (-1, -2, -4), 
(-4, -2, -1), (-1, -4, -2), (-2, -4, -1), (-1, -2, -5), (-5, -2, -1), 

(-1, -5, -2), (-2, -5, -1), (-1, -3, -3), (-3, -3, -1), (-2, -2, -2))}. 
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Thus, the set of all (—2, ai,a2, as, —1) constructed in the above analysis is the 
set I -I. 

Construction of the set li: Reasoning as in the case /3 = —1 we see (a,/?) 
factors through M3 when one of ai, a2 is in {|, |} or e {3, |} (see [(— lo, ~l2)] 
shown above). We examine each of these 6 cases individually and enumerate all 
(—2, «!, a2, tta, I) with the desired properties. 

If 0:3 = 3 then 

M5( - 2, ai, aa, 3, |) ~ - 1, 3, af', -2) ^ Ms{5, a^\a]:^ + l). 

The result is that | is an exceptional slope on M^l^ — 2,ai,a2, aa) if and only if 
one of the following holds; ^ = 3, {a2^, ^ + l) = (|, |), (4, |), (5, |). 
If eta = I then 

M,{-2, ai, a2, |, |) ~ M, ( - 2, -2, (1 - a2)-\ I - -l) 

~M3(-l,(l-a2)-\3-a;r')- 

We conclude that | is an exceptional slope on M5 ( — 2, cti, q;2, aa) if and only if one 
of the following holds; (l-aa)"^ = 3, 3-q;^^ = 0,-1, ((l-Q;2)"^ 3-q;^^) = (|, |), 
(4,1), (-2,-2), (-2,-3), (-3,-2), (-2,-4), (-2,-5), (-5,-2), (4, |). 
If CKi = I then 

M,{am ~ M,{{1 - a3)-\ -2, (1 - a2)-\ -2, -l) 
~ M3(2 + (1 - as)-\ -2, 1 + (1 - as)"'). 

The result is that | is an exceptional slope on M5 ( — 2, ai, a2, a^) if and only if one 
of the following holds; 1 + (1 - as)"^ = 3, 2 + (1 - ag)"^ = 0, (2 + (1 - as)-^ 1 + 
(l-a2)-^) = (-1,-1), (1,4), (1,1). 
If ai = I then 

M5(-2,ai,a2,a3,|) ~ Mg^, -1, -2, (1 -ai)-\ as) ~ Mg^, 1 + (1 - ai)-\ as) . 

We see that | is an exceptional slope on M5 ( — 2, ai, as, as) if and only if one of 
the following holds; as = 3, (as, 1 + (1 - ai)~^)=(|, |), (|, |). 
If ai = I then 

M5(a)(/3) ~ M5(|, (1 - a2 ')-\ -1, -2, (1 - a,^ 1)^^) 
^ Msd, 2 + (1 - a^ ')-\ 1 + (1 - a,Y'). 
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We find that | is an exceptional slope on M5 (— 2, ai, 02, cts) if and only if one of the 
following holds; 2 + (l-a^^)-^ = 0, {2 + {I - a^^)-^ 1 + {I - a^^)'^) = (-1,-1), 

V2' 2/' 

If ^2 = I then 

M,{a){f3) ~ M,{1 -2, -1, (1 - «r')"\ (1 - «3 
~M3(|,2 + (l-ar')-i,(l-a3i)-i). 

The result is that ^ is an exceptional slope on M^(^ — 2, ai, 02,0(3) if and only if 
one of the following holds; (l-a^^)-^ = 3, {2 + (1 - a^^)-\ {1 - a^^)-^) = (|, |), 

(2 ' (3' 2)' 

Thus, the set of all (— 2, ai, 0:2, as, ^) constructed in the above analysis is the 

set li. 

2 

Construction of the set I2: For (a,/3) = (—2,01,02,0:3,2) to factor through 
M3 we need one of oi, 02 to be in {—2, — ^} or 03 G {|, |} (see [(— lo, — 12)! shown 
above). We construct all (o,/3) for each of these 6 cases individually. 

If Oi = —2 then 

M5(o)(2) ~ M,{1 1 - (1 - 03)-\ -2, -l) ~ 1 - 1 + (1 - 03)-^). 

When no Oi, 02, 03 is a slope in [(1)], |(— 1)] we have 1 — 02^ ^ {00, 0, 1, 2, ^, —1} 
and l + (l-03)"^ ^ {2,00,1, |,0,3}. From [MP] we see that 2 is exceptional if and 
only if one of the following holds; 1 — o^^ = 3, (1 — o^^, 1 + (1 — 03)"^) = (|, |), 

(4,i). 

If 02 = — 2 then 

M5(o)(/3) ~ M5( - 1, -2, 1, 1 - or\ 1 - a^') ^ 1 - 3 - or'). 

Using |MP] we get that 2 is exceptional on M^{a) if and only if one of the following 
holds; 1 - or' = 3, 3 - oj' = 0, (1 - o^', 3 - oj') = (4, |), (|, |). 
If Oi = — ^ then 

M5(o)(/3) ~ M5((o3 - 1)-', 1 - oi, -1, -2, -1) ~ M3(2 + (03 - 1)'', 1 - Oi, 1). 

We find that 2 is exceptional on M^la) if and only if one of the following holds; 
1 - 01 = 3, (1 - 01, 2 + (03 - 1)-') = (4, 1), (|, I) . 
If 02 = — ^ then 

M5(o)(/3) ~ M5 ( - 2, -1, 1 1 - oi, 03 1) ~ M3 (|, 1 - oi, 1 + 03 1) . 
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We observe that 2 is exceptional on M5(a) if and only if one of the following holds; 

1 - ai = 3, (1 - ai, 1 + aji) = (4, i), (|, |). 
If as = I then 

M5(a)(/3) ~ M5( - 2, 1 - a2, -l) ~ M3(2 - aa, 2 + af^). 

We get that 2 is exceptional on M^la) if and only if one of the following holds; 

2 + ar' = 0, (1 - as, a^') = (-1, -1), (2 - as, 2 + a^') = (4, |), (|, |). 
If as = I then 

M,{a){f3) ~ M5 ( - 1, as, |, I - -2) ~ M3 (as + 2, |, 2 - a^') . 

The result is that 2 is an exceptional slope on M^la) if and only if one of the 
following holds; as + 2 = 0, (as + 2,2-a-i) = (^,4), (|, |), (-1,-1), (-1,4). 
Thus, the set of all (— 2, ai, as, as, 2) constructed in the above analysis is the set 
h. 

This completes the construction of /U/_iU/i U/s and the sets {{M^^a), Er{M5{a))}. 
The last step is to reduce the size of {(M5(a), £^r(M5(a))} using maps ([T|-([5]). The 
result is shown in Tables [T] and |4j The corresponding exceptional manifolds shown 
in Tables [T] and |4] are written down using the description of isolated exceptional 
fillings of Ms and M5 provided in |MP] and |MPR] respectively. □ 

The proof of Theorem |4] follows a similar line of reasoning: 

Proof of Theorem [i} We let 7 = (70,71,72,73) be a hyperbolic filling 
instruction on M4 with at least on slope. We translate the problem on 4CL 
into a problem on 5CL; using the Rolfsen twist we see that M^l'y) ~ M^IS) where 

5 = {I0 — 1, 7i, 72, 73 — 1, —1) (here 70 — 1, 7s — 1 should be read as when 70, 
73 = 0). Now the argument proceeds exactly as in the proof of Theorem [3] 

We use Identities ([l])-(|3| to assume without loss of generality that Sq = —1 
and that r is the boundary corresponding to the neighbourhood of the 4th chain 
component of 5CL; namely we can assume 6 = {60,61,62,63, 0) is a hyperbolic 
filling instruction on M5 that does not factor through M3, and that some slope of 

6 is in {-1,^,2}. 

The conditions of 6 being non-exceptional and not factoring through M3 means 
that 61 ^ {0,1,00,-1,-2, -i} and 5s, ^3 ^ {0, 1, 00, -1, |, 3}. Theorem |2| im- 
plies that every (3 G {—1,0,1, 00} is an exceptional slope on M5(5), and so 
{-1,0,1,00} C Er{M5{6)) and e^(M5(5)) > 4. Identities (|9|-(|ll| follow directly 
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from Identities (|6])-([8]) while (12) is established using Q and then a composition 
of ([T])-(|3]). More generally, Theorem |2] implies that if /3 is an exceptional slope on 
M^{5) then (3 G {-l,0,l,oo}, or {5,(3) factors through M3, or M^{5,I3) = m^. 
The (5,/?) coming from m2 are given by (— 1, — 3, — 2, — 2, — 3), (— 1, |, |, |, |), 
(-1,-|,4, |,3), (-1,3, |, 4, -|). This implies that /3 is in one of [(1)], [(-1)], 
[(-2)1, I(-3)l. 

Every slope in {|(— 1)], |(— 2)], |(— 3)]} is examined individually as in the proof 
of Theorem [3] to obtain a complete list of all {M^{6)^E^{M^{by)) pairs that have 
5 = ( — 1, 2, ^, |, 0) hyperbohc not factoring through M3 with e{M^{b')^ > 4. 

Lastly, the list of 5 produced is reduced using the maps ([T|-(|5]), and a positive 
twist about the zeroth component of the 5CL gives the list of a's on M4 and the 
exceptional slopes /3j on M4{a) shown in Table |5]j6j The corresponding exceptional 
manifolds shown in Table [5]j6] are written down using the description of exceptional 
fillings on M3 and M5 provided in [MP] and |MPR] . □ 



We finish by pointing out that Theorems |3] and |4] imply that any one-cusped 
hyperbolic manifold M obtained by surgery on 5CL with 10 exceptional slopes, or 
having two exceptional slopes at distance 8, is obtained by surgery on 3CL and 
that the only such M's obtained by surgery on 3CL are the figure-8 knot exterior 
and its sister (see the Appendix in |MPj ) which shows the final two assertions of 
Theorem [Tj The second assertion in Theorem [T] is a simple consequence of the fact 
that, up to ([T|-(|5]), the only M5(a;) with a pair of exceptional slopes at distance 
4 with a not factoring through M3 is M4(— 2, — |, —2) with the slopes —1, 3 (see 
Tables |2||l|), and M4(-2, -|, -2)(-l), M4(-2, -2)(3) are not lens spaces; all 
M^la) with a pair of exceptional slopes at distance 4 can be found in |MP] . and 
it is not hard to check that the corresponding pair of exceptional fillings are never 
a lens space, toroidal pair. Lastly, we remark that the description of exceptional 
fillings provided in Theorems |3] and |4| and |MPj can be used to easily enumerate 
all examples of exceptional pairs at maximal distance; one such enumeration shows 
that no counterexample to the Cabling conjecture is obtained by surgery on 5CL 
(see |Rouj for full details). 
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4. Tables 





Additional 
ftxcftntional 
slopes /3i 


Exceptional 
filling 


(-2,-1,3,3) 


/9i = -l 


(52, (2,1), (5, -2), (4,-1)) 

(A (2,-1))/ 2^ 


(—2' 2' 2' —2) 


/3i = -l 

/3 1 
/32 = -2 


(RP2, (2,-1), (3,1)) 

(A (2,-1))/ 2^ 


(-2, -3, -2) 


/5i = -1 

/32 = 2 


(^, (2, 


(52, (2,-1), (3,1), (9, 2)) 

l),(3,l))Uj^llj (^,(2,1), (3, 


-«)) 


I ^ - — . ( 1 - 7T 1 

V ' 3' ' 3/ 


/3i = -1 
/32 = 2 


(52, (2,1), (7, -2), (5, -3)) 

(A (2,3))/^„^^| 


(—2, — |, 3, |) 


/3i = -l 

/32 = 2 


(5^(2,l),(5,-2),(5,-3)) 

(s^ (2,-1), (3,1), (11, 2)) 


(-2,-2,-2,-2) 


/9i = -l 
/32 = -2 


{D, (2, 1 


(2,-1), (3,1), (7,1)) 

),(2,-l))Uj^_l 5j (A (2,1), 


(3,1)) 



Table 1. a a filling instruction on M5 not factoring through M4 



with e^(M5(a)) = 5, and Er{M5{a)) = ^2, 0, 1, 00}. 
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a 


Additional 
exceptional 
slopes (3 


Exceptional 
filling Ms (a) 


(-2,f,34) 


-1 


(2, 1), (p, -q)) U /q ^\ (i:>, (2, 1), («+^, -v)) 
\1 OJ 


(-2,f,^-2) 


-1 


(D, (s,2s-r),(g,q-p))U^0 1^ (2, l) , (s, l)) 


/ 9 3 3 M \ 
^' 2' 2' -y^ 


-1 


(A(2,i),(3,i))Uj^i (A (2, !),(«,-.)) 


(-0 P 5 

^' q' 2' 2/ 


-1 


(D, (2,1), (3,1)) Uj^l 1^ {D,{2,l),{q-p,q)) 


(-2,-2,^,-3) 


-1 




(-2,-|,4,f) 


-1 


(D, (2, 1), (3, 1)) U ^\ (L>, (2, 1), (v, -u-2v)) 
[10) 


(-2,?, 4,-1) 


-1 


{D, (2, 1), (3, 1)) U A {D, (2, 1), (q, -p-q)) 
[1 0) 


(-2-iM) 


1 

2 


(52.(2.-l).(3.l).(l.s+,...)) 



Table 2. a a filling instruction on M5 not factoring through M4 



with er{M5{a)) = 4, and Er{M5{a)) = 0, 1, 00}, part 1/3. 
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a 


Additional 
exceptional 
slopes (3 


Exceptional 
filling Ms («)(/?) 


(—9 A —51 
(-2,-1,5,3) 


_i 
± 


(A (2 




^0 1^ 


) 


(-2,3,4,-1) 


-1 


(A (2 


.'))/ 


^1 1^ 


) 


(—2, 3, |, —\) 


-1 






) 


(-2,-2,4,-1) 
(-2,-1,4,-3) 


-1 


(A(2,l),(2,l))U| 


^0 1 

^-1-1 


^ (A (2,1), (3,1)) 


f_2 2 5 _l^ 
V ^' 3' 2' d,' 


-1 


(A (2,1), (2,1)) U/ 


-ly 


(D, (2,1), (3,1)) 


(-2 ^ 5 11 

V 3' 2' 3/ 


-1 


(A(2,i))/j^ 


10; 




(-2,-3,-2,-3) 
(-2,-2,-2,-4) 
(-2,-2,-2,-4) 


-1 


(2, -1 


),(3, l),(7, 1)) 



Table 3. a a filling instruction on not factoring through M4 



with e{M5{a)) = 4, and £;^(M5(q;)) = {/3,0, l,oo}, part 2/3. 
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m 

\X 


Additional 

( > \\^ ^(\\ \ o 1 
dVL/" [J LlvJlidl 

slope /3 


Exceptional 

Tl 1 llTl O" 
iillllili 

M5(a)(/3) 


(-2,-4,-2,-3) 
(-2,-2,-2,-5) 
(-2,-3,-3,-3) 
(-2,-2,-3,-4) 


-1 


(52, (2,-1), (3,1), (5,1)) 


(-2,-4,-3,-3) 
(-2,-2,-3,-5) 

(-2,-2,-3,-5) 
(-2,-4,-3,-3) 


-1 


(A(2,i),(2,i))Uj^i 2 j (A (2,1), (3,1)) 


(-2,-2,-4,-4) 
(-2,-5,-2,-3) 
(-2,-3,-4,-3) 
(-2,-2,-2,-6) 


-1 


(2,-1), (4,1), (5,1)) 


(-2,-2,-2,-7) 
(-2,-6,-2,-3) 

(-2,-3,-5,-3) 
(-2,-2,-5,-4) 


-1 


(A(2,i),(2,i))U|^oij (A (2,1), (3,1)) 


(-2,-3,-2,-4) 


-1 


(D.(2.l),(2.l))U/2 3\ (^^(2,1), (3.1)) 


/ 9 3 5 2\ 
V ^1 2' 2' 3/ 


— i 


(A, (2,i)j/j^2 ij 


(-2,-2,1,3) 


1 

2 


(52, (2,1), (3,-1), (9, -2)) 


r-2 1 3 4N 


1 

2 


(D,(2,i),(2,i))U|._i (A (2,1), (3,1)) 


('-2 1 2 

V ^' 3' 3' 3/ 


1 
2 


(52, (2,1), (3,-1), (5, 2)) 



Table 4. a a filling instruction on M5 not factoring through M4 



with e{M^{a)) = 4, and E^{M^y)) = {^,0, l,oo}, part 3/3. 
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a 


Additional 
exceptional 
slopes I3i 


Exceptional 
filling 

M4(a)(A) 


(-2,-2,-2) 


/3i = -2 
/32 = -l 


(A(2,l),(2,-l))U| 


L - n l\ 

-1 oj 


1 (A (2,1), (3,1)) 


(-2,-1,-2) 


/32 = 3 


(^, (2, 
(A(2,l),(2,-l))L 


0)/(. 


1 (A (2,1), (3,1)) 



Table 5. a a filling instruction on M4 not factoring through M3 



with e^(M4(Q;)) =6, and Er{Mi{a)) = {^1, /^a, 0, 1, 2, 00}. 
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Additional 
exceptional 
slope /3 



Exceptional 
filling 

M4(a)(/3) 



{A,{s,s-r))/ 1^ 

(D,(2,l),(5,p))Uj^_l (^,(2,1), (3,1)) 

(A (2,l))//_i l^ 
[l Oj 

(A(2,i),(2,-i))U|^_i (A (2,1), (3,1)) 
= (A(2,i),(2,i))Uj^oij (A (2,1), (3,1)) 

(A(2,l),(2,l))U|^0 1^ (A (2,1), (3,1)) 

('5^(2,-l),(3, l),(7,l 
(5^(2,-l),(4, l),(5,l 

{S^, (2,-1), (4, 1), (5,1 
{S^, (3,-2), (3, 1), (4,1 

(5^(3, -2), (3, l),(4,l 
(A(2,l),(2,-l))Uj^_l (A (2,1), (3,1)) 

Table 6. a a filling instruction on M4 not factoring through M3 
with e^(M4(a)) = 5, and Er{M4{a)) = 0, 1, 2, 00}. 



(-2,i,-2) 

(4,5,-1) 

(-2,4,-1) 

-2,-5,-3) 

-2, -2, -6) 

-2,-2,-3) 
-2,-3,-3), 
-2,-2,-4) 
-3,-4,-2) 
-2,-2,-5) 
-3,-2,-3) 
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